Abstract. Ferroelectric superlattices with polarization perpendicular to the surface or interface are studied within the framework of the Landau-Ginzburg theory. An interface energy is introduced in the free energy to describe the effect of mixing and local polarization coupling at interface. Internal electric field is considered in the model. For superlattices grown on substrate, the influence of substrate on the properties of ferroelectric superlattices is required. This brief review is a sequel to the previous review article [1] , which summarizes the recent development in Landau-Ginzburg theory developed for studying ferroelectric superlattices over approximately the last three years.
Introduction
The studies of ferroelectric (FE) superlattices have attracted immense attention due to its fundamental scientific interest and potential applications [2, 3] . Typically, the thickness of each constituent layer in FE superlattices is several nanometers or a few unit cells. In fact, superlattice is an alternative approach to investigate and to exploit the properties of finite-sized FEs [4] because its specific properties can be designed by tailoring the composition at the atomic level. The properties in superlattices can be controlled or tuned by varying the thickness ratio. Besides these, FE superlattices can also exhibit new physical phenomena that are distinctly different from their parent compounds or their existing physical properties can be enhanced.
We have previously presented a short review [1] on the application of Landau-Ginzburg theory to FE superlattices. The short review reports an overview on the theoretical works of FE superlattices based on the Landau-type theory. The Landau-Ginzburg approach to FE superlattices, which describes the effect of intermixing and local polarization coupling at interface is discussed. In the present review, we summarize some recent progress in the application of Landau-Ginzburg theory of FE superlattices.
Major Factors affecting Superlattice Properties
As the starting point for this brief review, it is helpful to provide a general picture of some key factors that govern properties of FE superlattices. Several important factors that demonstrated to play important roles in governing the FE properties of superlattices included substrate-induce strain, electrostatic coupling, layer thickness, interface, space charges and compositional effect. Some results of experimental and theoretical studies on FE superlattices will be briefly discussed. Note here that we do not intent to completely review each factor in this article. But, a brief survey of each factor will be presented and discussed.
Misfit Strain:
Superlattices are customarily produced by fabricating alternate layers of epitaxial FE perovskites with different properties and lattice parameters. Hence, the choice of substrate is very important in obtaining a single-crystalline epitaxial film in order to grow a highquality superlattice. Similar to growing an epitaxial oxide thin film, one usually starts from an atomically flat substrate surface otherwise it would be difficult to assure correct atomic-scale layer ordering during film growth. If a thin film grows on a rough starting surface, it can lead to a variety of structural defects [5] . As a consequence, it could affect the dielectric, FE and others properties of the film. Besides that, the surface flatness over multiple layers is very crucial when fabricating a superlattice. Any roughness on the substrate surface can cause an unintentional electrical shortcircuit in thin barrier layers [5] .
It is also possible to induce considerable epitaxial strains in the FE superlattices by growing epitaxial thin films on lattice mismatched substrates. This epitaxial thin films are considerably different from those of their bulk parent materials [3, 6] . Hence, epitaxial strain is one of the major factors determining the structures and properties of epitaxial superlattices. The ionic positions in thin films and lattice vibration, particularly the FE soft mode is very sensitive to the strain effect [7, 8] . It has been experimentally observed and theoretically proven that epitaxial strain has a substantial impact on the structure and properties of FE thin films and superlattices [3, 6, 9] .
An important consideration is the limitation on the thickness of the superlattice that can be achieved while retaining the coherent growth required to maintain the epitaxial strain condition imposed by substrate [5] . The strain constraint of a sufficiently thick superlattice can be either partially or fully relaxed through the formation of misfit dislocations, thereby allowing more complicated strain interactions between different constituent layers. More often than not, a superlattice structure tends to inhibit the formation of misfit dislocations and can be grown coherently with layers sufficiently 170 Ferroic Materials: Synthesis and Applications thicker than single material films. This behaviour can be seen in the case of BaTiO 3 /SrTiO 3 superlattice on a SrTiO 3 substrate, in which the epitaxial strain from the substrate can be maintained throughout the sample to a thickness greater than single BaTiO 3 films [5] . Firstly, this is due to the fact that the overall lattice misfit of BaTiO 3 /SrTiO 3 superlattice relative to the substrate is less than single BaTiO 3 film. Secondly, by reducing the thickness of the individual layers that are under strain, the multilayer structure itself may tend to impede the formation of misfit dislocation.
Furthermore, the influence of epitaxial strain on superlattice can cause other interesting and striking behaviours from a practical point of view. For example, a very thin and high-quality SrTiO 3 layer can be grown within PbTiO3 layers in PbTiO 3 /SrTiO 3 superlattices at much lower temperatures than the growth of single thick SrTiO 3 layer [5, 10] . On the other hand, the results of experimental works [11, 12] and first-principles calculations [13] on BaTiO 3 /SrTiO 3 superlattices showed that the SrTiO 3 layers can achieve an in-plane polarization but not the BaTiO 3 layers. Recently, an experimental study on BaTiO 3 /BaZrO 3 superlattice [14] revealed that the high strains in the superlattices due to the misfit strain generated by the large lattice mismatch between the alternating BaZrO 3 and BaTiO 3 layers can induce ferroelectricity in BaZrO 3 layers, which is a paraelectric (PE) material.
Electrostatic Coupling:
Most of the earlier theoretical works of Landau theory in FE superlattice only considered the simple case of polarization parallel to the surfaces or interfaces [15] [16] [17] [18] [19] . Hence, there is no depolarization field in this configuration and the electrostatic coupling effect can be neglected. This configuration of in-plane polarization in superlattices can be realized using inter-digital electrodes [20] . In the case of polarization perpendicular to the interface, the depolarization field due to electrostatic coupling between layers is crucial to the FE properties of superlattices. Electrostatic coupling between individual layer of superlattice exists when the polarization is perpendicular to the interface or along the modulation direction. Similar to FE thin films, the electrostatics coupling between layers of superlattices also plays a major role in determining the properties of ferroelectricity [3, 9, 21] .
In the absence of free charges at interfaces, there is a uniform electric displacement throughout the superlattice. The continuity of the displacement field across the interfaces resulting in a polarization mismatch between the individual layers [5] . Thereby it gives rise to the presence of non-vanishing electric field in each different layers. This electrostatic coupling effect has been studied by firstprinciples calculations in BaTiO 3 /SrTiO 3 [22] and by both experiments and theory in PbTiO 3 /SrTiO 3 [10, 23, 24] . In their studies, they have shown that the internal field in a polarizable material has a significant influence on polarization and structural properties of the system. To illustrate, the internal field in BaTiO 3 layers is oppose to its polarization whereas the field (with opposite sign) in SrTiO 3 layers tends to polarize the PE layers [22] . Due to the tendency of the system to attain minimum electrostatic energy, it forces the structure to adopt a nearly uniform polarization throughout the system [10, 22, 23] . It has been demonstrated from both experiment and Landau theory in KTaO 3 /KNbO 3 system [25] [26] [27] that there is a progressive transition from a strong electrostatic interlayer coupling in the thin layer limit (which applies to thickness below a few unit cells) to a weak electrostatic coupling regime in the thick layer limit. This phenomenon is also observed by experiments and first-principles calculations in PbTiO 3 /SrTiO 3 superlattices [23, 24, 28] .
Besides that, a series of papers by Roytburd and co-workers based on Landau theory have explicitly considered electrostatic interaction between FE-PE bilayers and multilayers [29] [30] [31] . Their thermodynamic model showed that the electrostatic coupling can lead to a large enhancement of dielectric properties in multilayers. Recently, Kesim et al. [32] employed the Roytburd's model [29] to examine the dielectric properties of FE-dielectric multilayers by taking into account of the thermal stresses that develop during cooling from the growth temperature. However, the Roytburd's Solid State Phenomena Vol. 232model did not consider the effect of surface or interface, the polarization coupling at interface is ignored; thus the polarization is homogenous within the superlattices according to their results. On the other hand, Stephanovich et al. [27] employed the Ginzburg-Landau equations coupled with electrostatic equations which were first proposed by Chenskii and Tarasenko [33] to discuss the phase transition of FE superlattices. Subsequently, Levanyuk and Misirlioglu [34] adapted the same approach as ref. [27] to show that the periodicity assumption along the out-of-plane direction is not justified. By using the Landau-Ginzburg-Devonshire theory coupled with electrostatic equation, Misirlioglu and co-worker demonstrated that the electrostatic boundary conditions have a significant effect to the dielectric response of PbZr 0.3 Ti 0.7 O 3 /SrTiO 3 superlattices [35] . This is due to the existence of internal electric fields at the interfaces resulting from the polarization mismatch between the layers.
Layer Thickness:
In general, superlattices consist of two or more constituent layers with thickness and order that are repeated many times. It is found that the volume fraction or thickness ratio is one of the key factors that control the properties in superlattice. For example in the case of PbTiO 3 /SrTiO 3 superlattices, it has been demonstrated by both experiment and theory [36, 37] 
Interface Effects:
Recent progresses in deposition techniques have made it possible to fabricate high quality nanoscale artificial oxide heterostructures such as perovskite FE superlattices. Thus, it leads to the discovery of new intriguing physical phenomena that arise at the interfaces between these multifunctional materials [42] . According to first-principles calculations, the interface atomic relaxations between alternating layers influences the chemical bonding and the short range interatomic force near the interface. The Born effective charges at interface differs from the bulk values due to the modification of long range dipole-dipole interaction [21] . The rearrangement of atoms at the surface or interface in layered FEs leads to different crystal symmetry and unexpected new behaviours compare to bulk.
Inhomogeneous Polarization near Interface:
It has been predicted theoretically [43, 44] and inferred by indirect experimental methods [11, 40, 45] that the superlattices composed of FE and paralectric layers are expected to give rise to an inhomogeneous polarization profile. By making use of electron-energy-loss spectra (EELS) and high-angle annular dark field (HAADF), Torres-Pardo et al. [46] and Zubko et al. [24] were able to observe local structural distortions in PbTiO 3 /SrTiO 3 superlattices. They have identified local structural distortion at the single unit-cell scale across the interface, and revealed the existence of inhomogeneous polarization profile within the FE and PE layers. While the length scale of inhomogeneity extends over 5-6 unit cells was attributed to FE domains, the effect of intermixing confines to 1 unit cell from interface may also be present and should not be ruled out. Their interesting works implied that any theoretical study based on homogeneous polarization model [22, 29, 36, 47] is most likely inapplicable to the superlattices.
Interface coupling:
In superlattices composed of thin layers of FE and PE compounds, there is an additional coupling originates from the interaction at the interface which may affect the FE [48] further indicating the existence of strong coupling across the interface between the two layers.
In the limit of ultra-short periods, a PbTiO 3 /SrTiO 3 superlattice shows an unusual recovery of ferroelectricity that cannot be explained by a simple electrostatic model alone [10] . First-principles study suggests that this is essentially an interface effect which involves an unusual coupling between FE and antiferrodistortive (AFD) instabilities [49] . Another first-principles results by Junquera and co-workers show that there is an existence of a strong coupling between FE and AFD modes with strain in monodomain PbTiO 3 /SrTiO 3 superlattices [23] . Both the magnitude and the relevant directions of the FE polarization and the rotation axis of oxygen octahedral can be tuned by controlling the epitaxial strain. A similar oxygen octahedral rotations in CaTiO 3 /BaTiO 3 is demonstrated using first-principles calculations [51] , where a short-period superlattices can exhibit a larger spontaneous polarization than the longer-period one. Thus, the coupling of structural instabilities at interface introduces a unique approach for designing new functional material which is not restricted to the superlattice system itself [42] .
Mixing at Interfaces:
In multilayer structures such as superlattices, intermixed layers may form at interfaces between dissimilar layers. The formation of intermixed layers at interfaces with properties different from those of the constituents, may affect the properties of multilayer structures [1] . These intermixed layers can be formed due to the short-range interactions between contacting dissimilar materials, surface of interface reconstruction, cation intermixing, or composition deviations at the interfaces in superlattices of FE solid solutions [47] .
Recently, there was an experiment demonstrated that BaTiO 3 /SrTiO 3 superlattices can be fabricated without interface intermixing by using chemical solution deposition method [52] . However, the intermixing at hetero-interface is usually difficult to control experimentally at high temperature using high-energy lasers, where the stoichiometry of the deposited films changes in a complicated manner under the prescribed deposition conditions [53, 54] . On the other hand, Mizoguichi et al. have found an experimental method to control the atomic-scale intermixing at interfaces and improve the properties of SrTiO 3 based superlattice by constructing an abrupt hetero-interface [53] .
The interface structure of PbTiO 3 thin films grown on SrTiO 3 substrates were studied experimentally by Fong et al. [55] using a high resolution coherence Bragg rod analysis (COBRA) to reveal details of the film structure. Their work suggests that cation intermixing may exist at the interfaces of PbTiO 3 /SrTiO 3 superlattices. A detail evaluation of interface diffusion or intermixing in BaTiO 3 /SrTiO 3 superlattices grown by molecular beam epitaxy was performed by Ishibashi et al. [56] . Besides that, Hung et al. [57] also identified the presence of compositional intermixing at interfaces in PbZrO 3 /BaZrO 3 . A recent study on the structural evolution of surfaces during the layer-by-layer growth of BaTiO 3 films on SrRuO 3 indicates that the surface reconstruction of SrRuO 3 increases the oxygen concentration, and leads to both intermixing and structural change in BaTiO 3 at the interface [58] . Their finding further reveals the possible existence of intermixed layer at oxide interface. On the theoretical side, the first-principles study of interface intermixing effect in short-period PbTiO 3 /SrTiO 3 was studied by Cooper et al. [59] . They have shown that the interfacial intermixing can significantly enhance the polarization in superlattices. On the other hand, Pertsev and Tyunina based on phenomenological theory demonstrated that the short-range interactions and Solid State Phenomena Vol. 232
intermixing between dissimilar constituents in contact can give rise to the formation of an interface layer with physical properties different from those of both layers [47] .
Space Charge:
There are a number of papers on the space charges effect in FE multilayer or superlattices within the framework of Landau theory. Misirlioglu et al. [60] investigate the effect of interfacial space charge in FE superlattices using the Roytburd's model [29] and they follow the approach for space charge distribution by Bratkovsky and Levanyuk [61] . Their results show that the polarization and its switching characteristics of FE superlattices can be affected by the presence of an interface charge. By treating the FE perovskites as wide band-gap semiconductors instead of insulators, Liu and Li studied the effect of space charges on the FE superlattices based on a continuum model [62] . They found that a large electric field near the superlattice interface due to the accumulation of space charge at interface. As a result, it gives rise to the enhancement of polarization and asymmetric hysteresis loop.
By considering the electrode-superlattice coupling, Liu and Peng have developed a multiscale themodynamic model to study the effect of interfacial space charge on BaTiO 3 /SrTiO 3 [63] . Okatan, Misirlioglu and Alpay developed a thermodynamic model to study the contribution of localized charges to the polarization and dielectric properties of PbTiO 3 /SrTiO 3 (PT/ST) superlattices [64] . Their study shows that there exists a critical volume fraction of PT below which the superlattice is in the PE phase. Furthermore, there is a recovery of in FE polarization near to the vicinity of FE-PE phase transition.
In first-principles calculations, Gu et al. have recently studied the interface structures, polarization and electronic properties of PT/ST superlattices from first principles calculations [65] . A slope-like internal potential is found, indicating the presence of ferroelectricity and effective charge at the interfaces. They show that this kind of electric potential leads to a zigzag local density of states among layers along the vertical direction of the film, which induces the alternative appearance of positive and negative charges at interfaces.
Compositional Effects:
Recently, Ortega et al. [7, 66] have demonstrated that the strain among the inter-and intra-layer of BaTiO 3 /(Ba;Sr)TiO 3 (BT/BST) superlattices can be manipulated by changing the composition of the constituent layer. Their results show that the dielectric and FE properties of the superlattices can be tuned by varying the Ba/Sr ratio of the constituent layer without changing the periodicity and the total thickness of the superlattices. Due to the fact that the FE soft mode is very sensitive to the strain effect and the stress can affect the ionic positions and some lattice vibrations [8] , the investigation of soft mode behaviour in FE superlattices is very important to understand its physical properties. Based on this fact, Ortega et al. has shown that a significant frequency shift of the soft mode in the superlattices, which depend on the Ba/Sr ratio, was observed [7, 67] . This is due to the internal stress induced by the lattice mismatch between the constitutive sub-layers. The stress between BT and BST layers can be tuned or modified by varying the lattice parameter of the BST layers through changing the composition of BST. For the application of BT/BST superlattices, Ortega et al. also reported that its high breakdown field can be utilized to design for a new kinds of high energy density dielectrics which capable of both high power and energy density applications [68] .
Landau-Ginzburg Theory for Ferroelectric Superlattices
We can now discuss some recent progress on application of Landau-Ginzburg theory for FE superlattice. Chew and co-worker have proposed a thermodynamic model to study interface intermixing in FE superlattices [1, [69] [70] [71] [72] [73] [74] . An interface energy term is introduced to describe the local polarization coupling at interfaces. The existence of interface polarization coupling leads to the formation of intermixed layer at interfaces [75] and a periodic modulation in polarization. In the 174 Ferroic Materials: Synthesis and Applications works, however, it is assumed that the polarization aligns parallel to the surface of superlattices, and thus depolarization effect is ignored. We have recently extended the model by taking into account the effect of electrostatic coupling and epitaxial strain on phase transition, polarization, internal electric field and dielectric susceptibility in FE superlattices [76] [77] [78] . In this section, we will first discuss the application of Landau-Ginzburg theory to study electrostatic coupling and interface intermixing in charge-free FE superlattice. The superlattice is modelled by considering layers of strained FE or PE with appropriate electrostatic boundary conditions [27, 76] . The formalism for the model is presented in Section 3.1. As an illustration, a superlattice consists of PbTiO 3 (PT) and SrTiO 3 (ST) on a ST substrate is used as a representative system. The parametric values used in the calculation are presented in Section 3.2. Effect of electrostatic coupling and interface intermixing on the internal electric field, polarization and transition temperature of the superlattices are presented in Section 3.3. The relationship between these FE properties including internal electric field, dielectric susceptibility and polarization will be examined and discussed in Section 3.4. Finally, the polarization reversal in FE superlattices with "switchable" polarization in intermixed layers is examined in Section 3.5. We consider a superlattice composed of two constituents: a FE layer and a PE layer, which grows on a substrate, as schematically shown in Fig.1 . By assuming that all spatial variation of polarization takes place along the z-direction, the Helmholtz free energy per unit area for one period of the superlattice can be expressed as the following: 
Interface Intermixing:
The interface energy is given by [1, 72, 75, 76, 80] ( ) [81, 82] . The bonding at the metal-FE interfaces of ultrathin FE capacitors strongly affects the properties at interface through the formation of intrinsic dipole moments at interface or dead layer. In this model, the non-FE component corresponds to the formation of "dead" layers at the surfaces of layer A " [75, 83] (analogous to a dead layer [82, 84] ) with properties different from those of both constituents is expected to form at the interface region. Polarization may induce at the interface of PE layer, depending on its dielectric siffness. If 0 0 λ = , no intermixed layer is formed at the interface region. Therefore, the polarization in the FE layer is homogenous and no induced-polarization is expected in the PE layer.
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In addition, the boundary conditions at the interfaces are:
The Euler-Lagrange equations derived from the two free energy equations (1) and (2) 
Electrostatic Coupling:
The internal electric field E dj within the constituent layer may be found using the Maxwell's equation in matter with no free charge [27, 85] 0, = E E (the tangential components of electric fields). Although the tangential components of the electric fields are supposed to be zero because of our single domain model, but the electrostatic potential is not necessary zero. This is due to the fact that electric field can be expressed as the gradient of scalar electrostatic potential,
For the electrostatic boundary conditions, the continuity of electric displacement at the interface gives:
and the continuity of tangential components of electric fields provides the following boundary conditions for the electric potentials ( ) 
Calculations For PbTiO 3 /SrTiO 3 Superlattices:
Hereafter in all the following sections, a superlattice consisting of FE layer as PbTiO 3 (PT) and PE layer as SrTiO 3 (ST) on a ST substrate is used as a representative system for our model. As shown in Table 1 , we adopt the Helmholtz free energy coefficients of the chosen materials from Dawber et al. [36] . In the calculations, we take 1 unit cell (u.c.) ≈ 0.4 nm [86] and the characteristic length or correlation length is defined as:
which corresponds to the estimated length of half width of the domain wall [27, 86] . The lattice constants in the cubic phase are 3.969 The two Euler-Lagrange equations (Eq. 6) and the two electrostatic equations (Eq. 8) must fulfill the above interface boundary conditions (Eq. 5) and electrostatic boundary conditions (Eq. 9) and (Eq. 10). Solving the nonlinear equations numerically, we obtain the spatial dependence of internal electric field (or electrostatic potential) and polarization for the superlattices. The average polarization is defined as:
with the periodic thickness
Similarly, the average internal electric fields is defined as:
1 .
Internal Electric Field, Polarization and Transition Temperature:
We first discuss the effects of electrostatic coupling and interface intermixing on the FE properties of superlattices, as schematically shown in Fig.1 . The objective of this study is to investigate the case of polarization perpendicular to the surface or interface of a superlattice with the appropriate electrostatic boundary conditions. The correlation between the internal electric field and FE properties of the superlattice is examined by looking at the profiles modulation. Furthermore, the effect of interface intermixing and modulation period on the internal electric field and polarization are studied by changing the volume fraction or thickness ratio of the superlattice. Adapted from [76] . The internal electric field in ST layer originates from the electrostatic interaction between polarizations in different PT layers across the ST layer [29] . Hereafter, we denote it as "polarization-induced internal electric field". As shown in Fig. 2 , we also note that the internal field-induced polarization in the ST layer is almost the same as the spontaneous polarization of PT layer. Adapted from [76] . [36] . Adapted from [76] .
In Fig. 3 , we show the average polarizations P and internal electric field We now compare the theoretical results obtained from our model with those experimental results [36] . Figure 4 illustrates the average polarization P and internal electric field E d of a PT/ST superlattice as a function of PT volume fraction ϕ FE for various λ 0 . Generally, P increases with increasing the PT volume fraction ϕ FE . For the superlattice with λ 0 = 0 (red line), E d = 0 V/m for all PT volume fraction ϕ FE , as expected. E d < 0 implies that the average internal field acts as depolarization field. It is clearly seen that the magnitude of d E increases with increasing ϕ FE until it reaches its maximum value at ϕ FE ~ 0.87 and then it reduces dramatically to zero when ϕ FE approaches 1. This is expected because PT approaches its bulk at ϕ FE ~ 1 with the bulk polarization P~75µC/cm 2 . As shown in Fig.4 , the formation of intermixed layer at the interface region enhances the depolarization field d E in the PT/ST superlattices. But the intermixing at interface has a negligible effect on Polarization P and transition temperature T C of the superlattices. For comparison, the experimental measurements (solid dots) of polarization and transition temperature are also shown in Figs. 4(b) and 4(c), respectively. It is seen that there is a reasonable agreement between the calculated and measured polarizations for all 0 λ . We also compare the results with the predictions from the model proposed by Dawber et al. [36] . In their model [36] , the polarization is assumed to be homogenous throughout the constituent layers. It is seen from the inset of Figs. 4(b) and (c) that the results with λ 0 = ξ 0 (brown line) are closer to the prediction by the model proposed by Dawber et al. [36] (grey line). In the limit of very-short periods, the interface effect in PT/ST superlattices is induced by the coupling between antiferrodistortive and FE instabilities [49] . Since the coupling of structural instabilities at interfaces is not considered, it is reasonable that the model cannot quantitatively capture the experimental data at low volume fraction 3 . 0 < FE φ .
Dielectric Susceptibility
In this section, the spatially varying internal electric field, dielectric susceptibility and polarization of these superlattices are obtained and discussed [78] . Effects of modulation period and temperature on the internal electric field, dielectric susceptibility and polarization of these superlattices with inhomogeneous properties are examined. Correlation between these FE properties is established and discussed.
The dielectric susceptibility of the superlattice under a weak electric field can be found by taking the differentiation of Eq. 6 ( ) δ is Kronecker's symbol and ij χ is the dielectric susceptibility. Since our system is a superlattice model and i=j, we consider it as the mean dielectric susceptibility, χ .
Similarly, by differentiating Eq. 5 with respect to the external electric field, the boundary conditions for the dielectric susceptibility at the interfaces are obtained: 
First of all, we solve the Euler-Lagrange equations (Eq. 6) and the electrostatic equations (Eq. 8) numerically subject to the interface boundary conditions (Eq. 5) and the electrostatic boundary conditions (Eq. 9 and Eq. 10). Subsequently, by inserting the results of polarization and electrostatic potential into Eq. 14 the configuration of dielectric susceptibility j χ can be calculated numerically subject to the boundary conditions given in Eq. 17. Finally, the mean dielectric susceptibility, χ of the superlattice is determined by the following formula ( )
In this work, the interface intermixing parameter is set as λ 0 = ξ 0 , implying that an intermixed layer with inhomogeneous properties are formed at the interface region [76] . Figure 5 shows the dependence of average internal electric field, polarization and dielectric susceptibility of superlattice on temperature for different thickness ratios. In general, the phase transition temperature of superlattices increases with increasing thickness ratio. It can be seen that at the transition temperature, the internal electric field and polarization disappear, whereas the dielectric susceptibility diverges.
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Hysteretic Internal Electric Fields and Polarization Reversal
In the present section, we present some results on polarization reversal in FE superlattices with "switchable" polarization in intermixed layers [88] . The dependence of polarization and internal electric field on an applied electric field is discussed. Our results reveal that polarization hysteresis in FE superlattices is accompanied by hysteresis in internal electric fields. The underlying physical mechanisms that induce the internal electric field dependence of applied electric field are discussed by looking at the polarization and internal field profiles. at T = 298K. Adapted from [88] .
The dependence of polarization and internal electric field on the applied electric field of the PT/ST superlattices are shown in Fig. 6 . In the calculation, the interface intermixing parameter is set as λ 0
Solid State Phenomena Vol. 232= ξ 0 , implying that an intermixed layer with inhomogeneous properties are formed at interface region [76] . For simplicity, we assume that the induced-polarization of intermixed layers is "switchable". The thickness of PT and ST is set as d PT = 15 u.c. and d ST = 5 u.c., respectively. In general, the P-E hysteresis loop appears to be a square shape. Similarly, the internal electric field E int of the superlattice also exhibits an interesting square hysteresis loop as a function of E. It is important to note that at the point E = 0 when the polarization is at the positive state, the corresponding internal electric field is at the negative state and vice versa. Evidently, the direction of internal electric field is always oppose to the direction of polarization in the superlattice. As a result, the average internal field of the superlattice acts as the depolarization field. Polarization reversal occurs at the coercive field of e c ~ 70.587 M V/m and polarization switching in the superlattice is accompanied by a change of sign in E int . If we follow the path from A→B→C, the applied electric field increases from zero to high positive value. At the position A when E = 0, the polarization is at the negative state with the internal electric field at positive state. As the applied electric field increases until point B (E ext ~ e c ), the magnitude of P and internal field decreases.
Upon further increasing applied electric field until it exceeds the coercive field (E ext > 0) at point C, the polarization is completely switched from negative to positive state. At the meantime, the internal electric field of superlattice switches from positive to negative state. Therefore, polarization reversal is accompanied by a change in sign of internal electric field in the superlattice.
Ferroelectric Superlattices with Space Charge at Interface
In the previous sections, we have considered the electrostatic coupling and interface intermixing in FE superlattices composed of alternating FE and dielectric layers with no free charge at interfaces. However in reality, the internal electric field within the constituent layer of the superlattices can be very strong and it could drive the space charge to migrate to the interfaces of the film. This space charge accumulated at interfaces can either decrease or enhance the depolarization field in FE superlattices. In this section, we discuss our recent results on the charge compensation phenomena for polarization discontinuity at interfaces in the FE superlattices. The geometry of the model is illustrated in Fig. 7(a) . The charge density σ 0 are equal but of opposite signs for alternate interfaces. We assume that the density of interface charges depends on the degree of mixing at interface. The nominal charge approaches its saturated value σ 0 when the mismatch of internal electric field or polarization at interface vanishes. There are two types of interface that yield At the interface, the electric displacement D is discontinuous. The electrostatic boundary conditions describing the two interfaces are:
where σ 0 denotes the interface charge density. Hereafter, we denote the interface of type I (see Fig.  7 Fig. 7(c) ).
In the case of superlattice with polarization perpendicular to the interface, the internal electric field in the FE layer FE is against the direction of polarization and it acts as depolarization field (E int,PT < 0). Due to the electrostatic coupling between FE layers and PE layers, the internal electric field in PE layers becomes positive E int,ST > 0 and it tends to induce polarization in it [76] . The appearance of alternate interface charge ±σ 0 at the interfaces give rise to the existence of charge-induced electric field, E σ,j (j: PT or ST) in each of the individual layer. Basically, the direction of E σ,j depends on the arrangement of charge at interfaces, as shown in Fig 7(b) and 7(c). In the case of type I interface superlattices ( Fig. 7(b) ), the direction of charge-induced field E σ,j is against the direction of E int,j in j layer. Hence, the E σ,j tends to reduce both the depolarization field E int,PT in the PT layer, and the internal electric field E int,ST in the ST layer. On the contrary, in the case of type II interface, the existence of interface charge tends to enhance the depolarization field in PT layer and increases the internal field in the ST layer, as shown in Fig. 7(c) . Therefore, a resultant effective internal field E eff,j appears in the each constituent layers as a result of these two different internal fields, E int,j and E σ,j . To sum up, the electric displacement and the effective internal electric field in the PT layer can be defined in vector notation as D FE = ε 0 E eff,FE + P FE and E eff,FE = E int,FE + E σ,FE , . Whereas, the electric displacement and the effective field in ST layer are given as D PE = ε 0 E eff,PE + P PE and E eff,PE = E int,PE + E σ,PE .
In the following, we systematically examine how the screening charge builds up at interfaces (i.e. the type I and II interfaces) that counteracts the depolarization effects in FE superlattices. By assuming that the polarization varies spatially and it points along the z-direction, the thermodynamic model of current system follows exactly the formalism of electrostatic coupling and interface intermixing in FE superlattices as elucidated in Section 3.1. The only difference is the new electrostatic boundary conditions depicted in Eq. 18 compares with the case without interface charge in Eq. 9. This difference is because of the discontinuity of normal component of electric displacement due to interface charges density σ 0 . Besides that the continuity of tangential component of electric field are also required at interfaces.
In Fig. 8 , we investigate the effect of interface screening charges on the polarization and internal electric field profiles for a PT/ST superlattice with polarization discontinuity at interfaces for λ 0 =0.01ξ 0 . Note that the σ 0 denotes the charge density at interface z = 0. In the case of charge-free superlattice (σ 0 = 0), which is represented by a black line, a weak inhomogeneity of polarization and internal field can be found near the interface. We can see that the polarization and internal field discontinuities are found at the interfaces. Now we discuss the situation when σ 0 ≠ 0, the type I interface (σ 0 < 0) is represented by red line and the type II interface (σ 0 >0) is denoted by blue line. We first discuss the case of type I interface (σ 0 < 0), due to the screening charge at interfaces, the polarization mismatch ∆p I increases as the density of interface charge |σ 0 | increases. Whereas the mismatch of internal field ∆E I decreases because the charge-induced field E σ,j counteracts with the Solid State Phenomena Vol. 232
internal field E int,j of the constituent layer. By further increasing the magnitude of |σ 0 |, a saturated value of σ 0 ~ 0.014 C/m 2 = σ 0 *-is obtained when ∆E I ~ 0 where the polarization mismatch at the interface reaches its maximum value. The gap of internal field vanishes ∆E I ~ 0 because the internal field E int,j induced by the electrostatic coupling between FE layers is completely compensated by the charge-induced field E σ,j . On the other hand, in the case of type II interface σ 0 > 0, the ∆E I increases whereas the ∆p I decreases with increasing σ 0 . Eventually, the interface charge is saturated at σ 0 ~ 0.0045 C/m 2 = σ 0 *+ . At this moment, the polarization mismatch becomes ∆p I ~ 0 and the polarization profile is homogeneous across the interface due to the suppression by the chargeinduced field E σ,j . Hence, the superlattice behaves like a "single crystal" at this point. The internal field profile also becomes homogenous throughout the constituent layer and ∆E I reaches its maximum value at the interface. In general, the profile of polarization in type I interface (σ 0 < 0) is enhanced with increasing |σ 0 |, contrary to the type II interface case (σ 0 > 0) where the profile of polarization is suppressed. In both interfaces, the changes in polarization and internal field at the interface due to the interface charge density of ±σ 0 satisfy the electrostatic boundary conditions (19) . Adapted from [89] . . Adapted from [89] .
The free energies (F) of superlattices for different charge densities are analysed to examine their stability as shown in Fig. 9 . Surprisingly that the free energies for the type I and II interfaces are almost the same as that of the charge-free superlattice and their difference is very small. These calculated results show that the superlattice with charge-free interface or with interface charges is equally favourable energetically and these mechanisms may take place to counteract the depolarization effect in the superlattices. In order to examine how the interface charge and intermixing affect the superlattices with polar discontinuity, we plot the P and E eff as a function of thickness ratio L PT /L ST for PT/ST superlattices with the saturated interface charge density σ 0 at interface z = 0, as shown in Fig. 10 0.01ξ 0 (×)) are calculated for the superlattice with type I interface (σ 0 < 0). However according to the calculation for the case of type II interface (σ 0 > 0), the value of σ 0 * is independent of λ 0 . Therefore, we will only calculate λ 0 = 0.01ξ 0 (∆) for the type II interface. For comparison, a chargefree superlattice of λ 0 = ξ 0 with polarization and internal electric field vary continuously across the interface is calculated (dash lines with symbol ). By increasing the thickness ratio L PT /L ST , the polarization P and the depolarization field E eff are also increased. The saturated charge density σ 0 * indicates the disappearance of ∆E I (type I) or ∆p I (type II) and it increases with increasing thickness ratio L PT /L ST . For the type II interface (∆), it is clearly seen that the internal field E eff of superlattice almost disappears, which indicates that the depolarization field in PT E eff,PT and the internal field in ST layers E eff,ST nearly cancel with each other, as shown Figs. 11(a) and 11(b) . It is interesting to note that, the polarizations P of type II interface is almost the same as that of the charge-free superlattice (dash lines with symbol, ) though the profiles of polarization and internal field are quite different. It also proves that the degree of interface mixing effect on polarization and internal electric field is more significant in the type I interface. 
Conclusions
This review summarizes the recent advances of Landau-Ginzburg theory employed in studying electrostatic coupling and interface mixing in FE superlattices with monodomain polarization in the last three years. Electrostatic coupling between FE layers plays a dominant role in the polarization enhancement of FE/PE superlattices. Internal electric field, originates from the electrostatic coupling, strongly induces the polarization of PE layer. Mixing at interface has negligible effect on polarization and transition temperature of superlattices. Formation of intermixed layer leads to inhomogeneity in internal electric field, dielectric susceptibility and polarization near interfaces. Spatially varying internal electric field, dielectric susceptibility and polarization are correlated. Polarization hysteresis in FE superlattices is accompanied by hysteresis in internal electric fields.
Charge compensation phenomena for polarization discontinuities at interface in FE superlattices are investigated. At the interfaces, space charge with equal and opposite signs built up at alternate interface to compensate the depolarization effect in the superlattice. The alternate appearance of interface screening charge induces internal electric fields in the individual layer. The study reveals two possible charge compensation mechanisms by which the screening charge may accumulates at interfaces, depending on the arrangement of screening charge at interfaces. Screening charge may build up at interface to induce an internal field that acts against the depolarization effect in the constituent layer. Another compensation phenomenon is that the built-up charges suppress the inhomogeneous polarization near to interface, forming a superlattice with a uniform polarization across the constituent layer.
